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Adimensioned Maxwell problem

�
r � = "
r � = � � in 
 � R3;

where " and � are the relative permittivity and permeability.

achieve numerical computations on very large domains

� =) � dof (�-mesh) or � dof (λ
2 -mesh)

The frigate Surcouf at sea near Toulon.
Author: Franck Dubey. Source:

netmarine.net.

Size of the computational domain large with
respect to the wavelength , >> �

F. Ihlenburg and I. Babuska,

, 34
(1), pp. 315–358 (1997).
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Memory limit of a classic solver

[E] =

� Second order Maxwell system and
continuous finite elements leads
to less degrees of freedom.

� The Finite Element method deals
correctly with the geometry and
evanescent modes.

Memory cost of the Nédélec solver for different domain sizes
D
 and approximation orders , memory = (D
)4.

Memory Sockets D
 Power Cost
Laptop 32 Gb 1 10� 200 W 0:034 N/h

== Computation 1 Tb 16 24� 3:2 KW 0:544 N/h
HPC 320 Tb 5000 100� 1 MW 170 N/h
HPC+ 5120 Tb 80000 200� 16 MW 2720 N/h

2/36



Memory limit of a classic solver

[E] =

� Even efficient optimizations cannot
overcome the .

� An iterative method ?

Memory cost of the Nédélec solver for different domain sizes
D
 and approximation orders , memory = (D
)4.

Memory Sockets D
 Power Cost
Laptop 32 Gb 1 10� 200 W 0:034 N/h

== Computation 1 Tb 16 24� 3:2 KW 0:544 N/h
HPC 320 Tb 5000 100� 1 MW 170 N/h
HPC+ 5120 Tb 80000 200� 16 MW 2720 N/h
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Example of GMRES solver with classic methods
Let 
 := [0; D
]3. We solve�

r � = ; in 
;
r � = � ; in 
;

equipped with the impedance boundary condition

 + ∂
 ∂
 �  = on @
; with  = � ( � ) :

High order Nedelec Finite element on hexahedra (NEDELEC)
High order Dicontinuous Galerkin on tetrahedra (DG)
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Is the Trefftz method an alternative ?

� O. Cessenat, and B. Després. ”Application of an ultra weak variational
formulation of elliptic PDEs to the two-dimensional Helmholtz problem.” SIAM
journal on numerical analysis. 1998.

� P. Monk, and D. Q. Wang. A least-squares method for the Helmholtz equation.
Computer methods in applied mechanics and engineering. 1999.

� A. Moiola. Trefftz-discontinuous Galerkin methods for time-harmonic wave
problems. Diss. ETH Zurich. 2011.

� R. Hiptmair, A. Moiola, and I. Perugia. ”A survey of Trefftz methods for the
Helmholtz equation.” Building bridges: connections and challenges in modern
approaches to numerical partial differential equations. Springer, Cham, 2016.

� H. Barucq, A. Bendali, M. Fares, V. Mattesi, and S. Tordeux. A symmetric
Trefftz-DG formulation based on a local boundary element method for the
solution of the Helmholtz equation. J.C.P. 2017.

4/36



General problematic

Addressed issues in this presentation

1. Is the method an alternative ?

! Choice of the variational formulation
! Limits of a LU factorisation

2. Is it possible to define a method ?

! Ultra-Weak Variational Formulation (UWVF)
! Krylov-type solver

3. Is it possible to this method to reach one ?

! Use of a reduced space
! Use of preconditioners
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General problematic

Code developed from scratch

FORTRAN code, , linked to the GMRES of CERFACS©

� ! iga ctet ( iga yte in french),
� ! refftz method,
� ! lectro agnetic waves,
� ! D

V. Frayssé, L. Giraud, S. Gratton, and J. Langou (2005). Algorithm 842: A set of GMRES routines for real and
complex arithmetics on high performance computers. ACM Transactions on Mathematical Software (TOMS),
31(2), 228-238.
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Steps to define a Trefftz method
1. The solution and the test functions satisfy the Maxwell problem in every element

r � = 0" and r � = � 0� :

2. Virtual work principle in an element : = � 0

Z
" � 0 + � � 0 ;

can be written as

= �
Z

r �| {z }
0ε

� 0 � r �| {z }
� 0µ

� 0 ;

=

Z
� r � 0| {z }

0ε 0

� � r � 0| {z }
� 0µ 0

:

3. Stokes formula leads to the , defined on boundariesX Z
∂

�
� 

�
�  0 +  �

�
�  0

�
= 0:

4. Find E :=( ; ) 2 X; such that 8E0 :=( 0; 0) 2 X, we have (E; E0) = ‘(E0),
with X a and

(E; E0) =
X Z

∂

\� �  0 + [ � �
0 ; with � := �  :
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Numerical traces choices

Clever choices of the numerical traces [ and \� ensure the .

Numerical traces are defined on interior and boundary faces .

: coefficients are chosen so that the exact solution satisfies�d �
j =  =  =  ;�[�
�

j = � = �� = � :

� Riemann solver,
� Upwind fluxes,
� UWVF method.

Illustration for a Riemann solver.
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Upwind numerical traces

The incoming and outgoing traces

inE :=  + � and outE :=  � � :

Coefficients are chosen so that the exact solution satisfies�d �
j =  =  =  ;�[�
�

j = � = �� = � :

Interior numerical traces�d �
j = � outE + � outE ;�[�
�

j = � outE + � outE :

Boundary numerical traces�d �
j = � outE + � ;�[�
�

j = � outE + � :
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Upwind numerical traces

The incoming and outgoing traces

inE :=  + � and outE :=  � � :

Coefficients are chosen so that the exact solution satisfies�d �
j =  =  =  ;�[�
�

j = � = �� = � :

Interior numerical traces�d �
j =

+
outE +

+
outE ;�[�

�
j = �

1
+

outE +
1
+

outE :

Boundary numerical traces

�d �
j =

∂


+ ∂

outE +

+ ∂

;�[�

�
j = �

1
∂
 +

outE +
1

∂
 +
:
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Plane wave Galerkin space
An electromagnetic plane wave = �! �!

��! is parameterized by:
� a direction of propagation �!

= ( ; ; ),
� an electric polarisation �! = ( ; ; ) orthogonal to �!.

26 plane wave directions and
52 polarisations.

� In each element , the approximated solution
E := ( ; ) is8>>>>><>>>>>:

=
X
j=1

j
�!

j
�!

j ��!| {z }
j

;

=
X
j=1

j
��!

j �
�!

j
� �!

j ��!:

�

small leads to a bad approximation.
large leads to rounding errors.
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Some references about the optimal choice of basis functions
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